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Figure 1: Discrete element model of transmission
lines from Dr. Tenzeris’ class on electromagnetic
applications ECE 4350

0.1 Simulation of Transmission Lines with
FDTD

This semester, I was interested in simulating trans-
mission lines and the wave equation.

To start off, I want to derive a finite-dimensional
state space model for a transmission line. To start,
we can model transmission lines as a cascade of an
infinite number of resistors, inductors, and capac-
itors, or we can use the Telegrapher’s equations,
which describe transmission lines as a partial dif-
ferential equation:

∂v(z,t)
∂z = −Ri(z, t)− L∂i(z,t)

∂z
∂i(z,t)
∂z = −Gv(z, t)− L∂v(z,t)

∂z

R is the resistance per unit length, G is the conduc-
tance per unit length, L is the inductance per unit
length, and C is the capacitance per unit length.
We can expand out our spatial derivatives as limits
using the Yee Lattice. The Yee lattice discretizes
our problem in which voltages/electric fields and
currents/magnetic fields are defined at different al-
ternating points in space (Oskooi et.al). This al-
lows us to define our derivative between our 2 end
points, giving us second-order accuracy with re-
spect to ∆z. Re-arranging the equation and ex-
panding out the derivative in this way:
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If we take ∆z to be non-zero zero we now have

a finite-dimensional continuous-time system. To
derive the A matrix for our system, consider the
following setup of our state vector:

x⃗(t) =



v(t, 0)
v(t,∆z)

...
v(t,N∆z)

i(t, ∆z
2 )

i(t, ∆z
2 +∆z)
...

i(t, ∆z
2 +N∆z)


We can now define our state space A matrix as a
partitioned matrix:

˙⃗x(t) = Ax(t)

A =

[
G C
L R

]
G represents the conductance of the system, C rep-
resents the capacitance of the system, L represents
the inductance of the system, and R represents the
resistance of the system. We define these subma-
trices as follows:

G = −G
CIN

R = −R
LIN

C = 1
C∆z


0 0 0 ... 0 0 0
−1 1 0 ... 0 0 0
0 −1 1 0 ... 0 0

...
0 0 0 ... 0 −1 1



L = 1
C∆z


−1 1 0 ... 0 0 0
0 −1 1 0 ... 0 0

...
0 0 0 ... 0 −1 1
0 0 0 ... 0 0 0


Where IN is the NxN identity matrix. Now, we
can use the forward Euler method to discretize in
time to get a discrete-time system of the form:

x⃗(t+∆t) = Adx⃗(t)

Ad =

[
Gd Cd
Ld Rd

]



Gd = ∆tG + IN , Rd = ∆tR+ IN , Cd = ∆tC,
and Ld = ∆tL

Simulating this system with Python, we observe
that this is unstable: Initially, I thought that this

Figure 2: Visualization of instabilities in forward
Euler

instability would need to be solved with filter-
ing; however, after further investigation, this error
comes from the fact that we used the staggered Yee
discretization in space but not time. To solve this,
we can implement an algorithm that first calculates
the current/magnetic field at a half-time step in
the future and then calculates the voltage/electric
field:

i⃗(t+ ∆t
2 ) = Ldv⃗(t) +Rd⃗i(t− ∆t

2 )

v⃗(t+∆t) = Gdv⃗(t) + Cd⃗i(t+ ∆t
2 )

We can substitute the current update equation into
the voltage equation:

v⃗(t+∆t) = Gdv⃗(t) + Cd(Ldv⃗(t) +Rd⃗i(t− ∆t
2 ))

We can now formulate the stable discrete A matrix
AY ee:

x(t+∆t) = AY eex(t)

AY ee =

[
Gd + CdLd CdRd

Ld Rd

]
Simulating with the following update, we can now
see that the simulation is stable:

To explore why forward Euler is unstable but
the Yee discretization is stable, we can look at the
eigenvalues of the discrete A matrix. In the figure
below, we observe that the Yee discretization has
all of its eigenvalues on the unit circle correspond-
ing to pure undamped oscillatory behavior. The
forward Euler discretization has a line of Eigen-
values that are mostly outside of the unit circle,
leading to instability.

Figure 3: A stable simulation of a step function
propagating down a transmission line

Figure 4: Plot of the eigenvalues of the different
time discretization methods


